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Description of mathematical model 

Model structure 
 
We developed a deterministic dynamic compartmental model schematically 
shown in Figure A1.  
 

 
Figure A1.  Schematic diagram of the HPV-6/11 mathematical model. 

Model parameters 
 
Values for model parameters were, in most cases, gender-specific, as can be seen 
from Table A1 below. 
 

Parameter, symbol Value Unit Source 
Genital warts incubation period,       year  

men 0.5-1.6  [1, 2] 
women 0.2-0.6  [3, 4] 

Duration of infection,       year  

men 0.4-0.8  [5] 
women 0.3-1.0  [6] 

Time between detection of genital warts and 
beginning of their treatment,     

 year  

men 0.3-0.6  [7, 8] 
women 0.1-0.25  [7, 8] 

Duration of treatment for genital warts,       year  
men 0.2-0.4  [9] 

women 0.15-0.4  [4, 9] 
Duration of natural immunity following 
clearance of infection,      

 year  

men, women 5.0-45.0  Assumption, 
no data 
available 

Probability of transmission,  * 0.2-0.5  [10] 
Probability to develop genital warts,      

men 
 

0.3-0.8  [1, 2] 

women 0.45-0.8  [4] 
Degree of assortativity by age group,    [11] 0.1-0.9  Assumption, 

no data 
available 
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Degree of assortativity by age group,    [11] 0.1-0.9  Assumption, 
no data 
available 

Table  A1.  Model parameters; *  this parameter is required to calculate the force of 
infection   as described in section “Calculation of the force of infection” . 

Key assumptions and limitations 
 

 The modelled population is heterosexual only. 
This simplification was made due to the lack of sufficient data on sexual 
behaviour of men who have sex with men (MSMs) in Australia. MSM are a 
high risk group in terms of HPV transmission, and comprise a non-
negligible proportion of Australian population [12]. Not accounting for 
MSM in our model may be a substantial limitation; 

 The size of the population is assumed to remain constant. Immigration or 
temporary visitors are not taken into account.  
According to the Australian Bureau of Statistics (ABS), Australian 
population has been growing [13], and this growth has been largely 
attributable to migrants from overseas.  Their number, however, is 
relatively small as compared with the entire Australian population, and 
sexual behaviour of migrants has not been captured in any way in the 
Australian Study of Health and Relationships (ASHR) data that we use in 
our study. We therefore accepted this apparent limitation, the importance 
of which is difficult to gauge. 

 No mortality. 
Individuals simply leave the model at an age that they are assumed to no 
longer be sexually active 
We consider it acceptable to make this assumption because of the low 
mortality rates reported by Australian Bureau of Statistics for the age-
band in which it is assumed that people are sexually active [14]. Mortality 
to HPV-6/11 was not included as its existence in doubtful. 

 The population comprised equal numbers of males and females in all age 
groups. 
This was assumed for simplicity based on ABS data [13].  

 Sexual activity is assumed to commence at age 13 in both males and 
females. 
While data on sexual behaviour in young people in Australia is scarce,  we 
have made this assumption based on some previously published findings 
[15, 16] . 

 Interaction between HPV types 6 and 11 is assumed not to occur, i.e. current 
or prior infection with one type has neither a synergistic or antagonistic 
impact on acquisition or natural history of infection with the other. 
There have been no studies, to our knowledge, conclusively confirming 
any practically relevant interaction between these types. 

 Types 6 and 11 are treated as a single “combined” type. 
This assumption is based on the similarity in model parameter values for the 

two types and the fact that we calibrated the HPV-6/11 model to data 

contributed to by both types.  As discussed in [17], combining HPV types in 

transmission models may potentially lead to incorrect conclusions . We would 
like to stress, however, that this issue was identified when combining 
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HPV types 16 and 18 and then calibrating combined 16/18 type to a 
combined “HPV-16 and 18” prevalence. This is a different scenario from 
ours: we calibrate our model to genital warts incidence, and genital warts 
are caused to by both HPV type 6 and type 11. It may be argued that HPV-
6 contributes to genital warts to a much larger extent than HPV-11, so it 
might make sense, in principle, to discuss “genital warts caused by HPV-
11 only” and “genital warts caused by HPV-6 only”. However, given that 
the data we calibrate to is for genital warts in general and is not stratified 
by the causal HPV type, we did not consider it necessary to investigate 
this issue. 

 Vaccine coverage is assumed to be 80% for females (female-only 
vaccination) and 80% for males (when a male vaccination is introduced). 
This assumption was based on the available coverage data [18] for the 
ongoing female-only vaccination program. The equally high coverage for 
males was assumed because males would be vaccinated at schools just as 
the 12 y.o. females currently are, and so it would be reasonable to expect 
that the coverage achieved should be very comparable. 

 The vaccine (Gardasil) is assumed to be prophylactic and not therapeutic. 
This is based on the available reports [19]. 

 Vaccination does not trigger replacement of HPV types 6 and 11 with other 
HPV types contributing to genital warts. 
While we acknowledge that possibility of HPV type replacement due to 
vaccination is yet to be thoroughly verified, we are not aware of any 
literature which would directly substantiate replacement of types 6 and 
11. Moreover, there has been some recently presented evidence that the 
replacement in question does not occur [20].     

 Vaccine protection is life-long.  
This is based on the previously discussed arguments [21, 22] that in view 
of the reported duration of protection amounting to at least five years 
[23] and an apparent existence of a post-vaccination immune memory 
[24] it is reasonable to assume the life-long protection because even if it 
was not life-long as such, it could be maintained at an appropriate level by 
boosters. 

 Sexual behaviour is described in the model based on the results of 
Australian Study of Health and Relationships (ASHR). 
We mention this as a potential limitation to acknowledge that the ASHR 
had a number of  limitations (see [12]). Nonetheless, it currently remains 
the most representative sexual behaviour survey conducted in Australia. 

 

Population stratification 
 
The heterosexual Australian population was stratified in the model as specified 
in Table A2 below. 
  
Strata Notation Possible values 
Gender   1 (males, ‘M’) and 2 (females, ‘F’) 
Sexual activity group   1,2,3 or 4 (see Table) 
Age group   1 (12 year olds, ‘12’), …, 53 (64 year 



 5 

olds, ‘64’) 
State   1 ( ), 2 ( ), 3( ), 4(    ), 5(    ) 

Sexually active   1 (active, ‘act’) or 2 (inactive, ‘inact’) 
Vaccinated   1 (vaccinated, ‘V’) or 2 

(unvaccinated, ‘U’) 
Table A2. Stratification of the modelled population. 

Model equations 
 
A current state of the model is described by a multi-dimensional array 
               with entries indexed as shown in Table A2. This array contains 
the number of individuals in any subpopulation selected based on the 
implemented stratification. For example,                                  
contains the number of males in sexual activity group 2 who are aged 13, are 
immune, sexually active and vaccinated. Let us use a colon to denote “any values 
from the allowed range”, so that                     “ means  “for any sexual 
activity group   and age group                     ”. 
Evolution of the model states in time is then described by the following system of 
ordinary nonlinear differential equations: 
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The first equation states that the change in the number of susceptible males per 
unit time (the left hand side of the equation) is equal to the number of immune 
males who become susceptible per unit time minus the number of susceptible 
males who become infected (and hence move to the infected compartment) per 
unit time. Other equations should be interpreted in a similar manner. 
As can be seen from the equations above and Table A1, parameters in our model 
are gender-specific (probability of HPV transmission per partnership is an 
exception), but they are not stratified according to any other attributes. 

Sexual mixing and calculation of the force of infection 
 
We calculate the force of infection according to the formulation of sexual mixing 
and procedure of sexual mixing adjustment proposed by Garnett and Anderson 
[11].  While it would be excessive to describe in detail all notations and steps 
involved in the procedure here, we briefly mention some key points below.      
Essentially, the aim is to generate of a sexual mixing matrix, which we have done 
using  the data presented below (note that PCR stands for ‘partner change rate’).  
 
 Age groups 
Age (years) 15-19 20-24 25-29 30-34 35-39 40-44 45-59 
Relative  PCR, 
per year 

5.28 6.06 4.37 2.57 1.61 1.43 1.00 

 
Sexual activity (risk) groups (% of the population in a group) 
1 (60%) 2 (21%) 3 (17%) 4 (2%) 
1.00 4.76 24.83 105.67 

 
The overall PCR in Australian population was set equal to 0.437. The data were 
derived in [25] from the results of the Australian Study of Health and 
Relationships.  
The sexual mixing matrix contains probabilities that an individual of gender 
  from a sexual activity group   and age group   acquires a new sexual partner of 
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the opposite gender from a sexual activity group    and age group   . These 
probabilities are defined as 
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Here     (   ) is a proportion of all new sexual partnerships  formed by  
individuals of the opposite gender formed by individuals of the opposite gender 
from age group    (sexual activity group   ).   
Quantities    and    are degrees of assortativity by age and sexual activity. They 
vary between 0 and 1. If      sexual mixing is considered fully assortative by 
age group, which means that sexual partnerships may be established only 
between individuals from the same age group (see the definition of          

above).  Sexual mixing is fully proportionate by age if      . Interpretation of 
this is that contributions of age to the choice of sexual partners is limited to the 
level of sexual activity of the opposite gender for each age group (         

depends only on      in terms of age).  Similar considerations apply to   . 
 
Sexual mixing matrix is used to calculate absolute PCRs for each age and sexual 
activity group (note that we are initially given relative PCRs). These are 
employed to calculate the force of infection.  
 

For example,  if we denote                    
                the annual rate at which  (sexually 

active) females aged 19  in sexual activity group 1 acquire male sexual partners 
of age   from sexual activity group  , the force of infection on these females will 
be given by: 
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Here {                  (                )   (                )} 

∑                   is HPV prevalence in males of age   from sexual activity 
group  , and   is the probability of HPV transmission per partnership (see Table 
1A). 
 

Implementation of ageing 
 
Ageing in our model happens instantaneously at the end of each year: 

                                                
Note that this implies that individuals from the last age group, group 53, simply 
disappear each year. In fact, this is exactly the case as we assume they leave the 
sexually active population and hence the model. As for the first age group, not 
covered by the formula, we place there the susceptible, sexually inactive 12 y.o.  
individuals who enter the model. The number of these individuals is equal to the 
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number     of those who should exit the model, divided into sexual activity 
groups as given in Table 2 and equally divided between males and females: 

               
       

 
   

               
        

 
  

               
        

 
   

               
        

 
  

 

Implementation of vaccination: an example 
 
It is assumed that vaccination is carried out at a constant rate which we denote  .  
Suppose that our aim is to vaccinate   % of 12 y.o. sexually inactive females, 
who are, of course, susceptible, during a year starting at     and ending at 
      This can be expressed by the following boundary value problem: 
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Solving for   we obtain  
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Implementation of catch-up: an example 
 
Suppose we want to vaccinate VC=32% of females who are 18 y.o. in 2007 over 
two years (2007 and 2008). We also know that         of these females were 
vaccinated in 2007. Then we have to make sure that next year, in 2008, we 
vaccinate     unvaccinated 19 y.o. females so that                   
                             , and then 

    
      

     
  

The catch-up campaign was implemented using the coverage (2-dose) shown in 
Table A3 below. 
 
Age (years) Time of vaccination Dose 1 (%) Dose 2 (%) Dose 3 (%) 

12 From 04/2007, each year 83 80 73 
13-15 2007 42 40 36 
 2008 42 40 36 
 Total vaccine coverage 84 80 72 
16-17 2007 41 38 33 
 2008 41 38 33 
 Total vaccine coverage 82 76 66 
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18-19 2007 13 11 8 
 2008 26 21 15 
 Total vaccine coverage 39 32 23 
20-26 2007 10 8 6 
 2008 21 17 12 
 2009 21 17 12 
 Total vaccine coverage 52 42 30 
Table A3.   Australian female HPV vaccination coverage by age as of March 2011. 

Calculation of genital warts incidence 
 
Genital warts incidence during a specified time period         is the number of 
new genital warts diagnoses during this period:   
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where we applied the trapezoidal rule as follows 

∫           
  

  

       
                 

 
 

Model calibration 
 
Our model was calibrated to the age specific Australian genital warts incidence 
data [26] using Bayesian methodology described in detail in [27].  The data are 
shown in Figure A2 as mean values (‘reported mean’) with 95% confidence 
intervals (whiskers). The simulated mean values are shown as circles (‘simulated 
mean’) and 95% confidence intervals (grey areas). 
 
 

 
Figure A2.   The fit produced by our model to the available age-specific Australian genital 
warts incidence data. 
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